In this short supplement to [1], we discuss the uplift of half-flat sixfolds to Spin(7) eight-folds by fibration of the former over a product of two intervals. We show that the same can be done in two waysone, such that the required Spin(7) eight-fold is a double G 2 seven-fold fibration over an interval, the G 2 seven-fold itself being the half-flat six-fold fibered over the other interval, and second, by simply considering the fibration of the half-flat six-fold over [0, 1] × [0, 1]. The flow equations one gets are an obvious generalization of the Hitchin's flow equations (to obtain seven-folds of G 2 holonomy from half-flat six-folds [2]). We explicitly show the uplift of the Iwasawa using both methods, thereby proposing the form of new Spin(7) metrics. We give a plausibility argument ruling out the uplift of the Iwasawa manifold to a Spin(7) eight fold at the "edge", using the second method. As an aside, we further motivate the possibility of including elliptic functions into seven-folds of SU (3) structure of [1] via some connections between the Heisenberg group, theta functions and the already known D7-brane metric [3] . 
It is known that manifolds with G 2 and Spin (7) holonomies, are very useful in getting the minimum amount of supersymmetry after compactification of seven and eight dimensions, respectively, in string/M-theory [8] .
In the past few years, half-flat manifolds have been shown to be relevant to flux compactifications in string theory (see [4, 5] and references therein). In [1] , using the results of [6] , we explicitly showed how to uplift the Iwasawa manifold, an example of a half-flat manifold, to seven-folds of either G 2 -holonomy or SU (3) structure. In this short note, we show how to uplift half-flat manifolds to Spin(7) eight-folds. We will be following the notations of [1] .
Spin (7) folds are characterized by a self-dual closed (and hence co-closed) Cayley four-form (with the additional constraint that theÂ-genus of the eight-fold equals unity [7] ). We will begin with the construction of a Spin (7) eight-fold as a double G 2 -fibration over an interval. We then go on to constructing a Spin(7) eight-fold as a fibration of a half-flat over the product of two intervals.
Spin(7) as a Double G 2 -fibration over an interval
Let us begin with the following construction of a Spin(7) eight-fold X Spin(7) 8
Kähler and can not be deformed, which is not correct as M 6 is a half-flat, and hence a non-Kähler manifold, which we are deforming. Now, let us try the following ansatz for φ 4 :
(10)
The self-duality condition would thus imply:
implying:
Hence, the following is the form of the self-dual four-form:
(13) For (13) to be a Cayley four-form, it must satisfy the condition that it is closed, which on using:
implies:
One thus gets the following flow equations:
Let us use the flow equations of (16) to explicitly uplift the Iwasawa manifold to a Spin(7) eight-fold, working with the sttandard complex structure limit of the Iwasawa, and consider its deformation of the type:
and
Then the flow equations (16) imply:
where
, which could be satisifed by equality of a, b, −c, and:
λ 1 being a linear combination of the integration constants that would appear in the integration of the first set of equations in (19);
• similarly,
Hence, the metric corresponding to the Spin(7) eight-fold obtained by uplifting the Iwasawa manifold via the flow equations of (16) such that the eight-fold is a double G 2 -fibration over an interval, is given by the following solutions to (19) to (22):
with the constraints:
Notice that (23) has the required double G 2 -fibration structure of (1) by noting that (23) is made up of:
and Let us now consider the following fibration structure:
Let us assume that the Cayley four-form is given by:
(28) One hence gets:
The required Cayley four-form is:
3 In [1], however, one had set ξ
Finally, the condition that φ 4 of (31) is closed gives:
Using that for half-flat manifolds,dJ ∧ J =dΩ + = 0, one thus gets the following flow equations:
One can again show that one can explicitly uplift the Iwasawa manifold to a Spin(7) eight-fold at standard complex structure limit of the Iwasawa and consider its deformation of the type as given in (17) and (18). The set of equations that one gets from (33), are: = f e c , (34) which are satisfied by:
Thus, the metric for the Spin(7) eight-fold is: 
However, the uplift of the Iwasawa to a Spin(7) eight-fold is not possible at the "edge". One notes that at the edge (See [4] and references therein), the one-forms, incorporating t 1,2 -dependent deformations, are: α = −e A(t 1 ,t 2 ) f 1 , β = e B(t 1 ,t 2 ) (f 3 + if 4 ), γ = e C(t 1 ,t 2 ) (e 5 + ie 6 ), and J = i 2 (α ∧ α + β ∧β + γ ∧γ and Ω = α ∧ β ∧ γ. The one-forms f i , i = 1, ..., 4 are defined via f i = P i j e j , where P ∈ SO(4) matrix, and one write it
, where
implies A gives the same result after differentiation w.r.t. t 1 or t 2 . Unlike the standard complex structure limit, there are common components to Ω + and Ω − in the edge. One can show that the other flow equation
(where
implies that one will overconstrain the matrix P (from the first set of flow equations, one sees that D − = 0, and hence one gets from (37), eight equations in the six parameters P i j ). Hence, the uplift of the edge to a Spin (7) is not possible.
Returning to seven-folds, using the results of [6] , explicit metrics for seven-folds with SU (3) structure were obtained. The "shape" deformation functions "A(z,z; v,v)" and "B(z,z; v,v)", as indicated in [6] , could also be related to elliptic functions. The following are some interesting motivating reasons for the same cited as connections between the idea of having singular uplifts to seven dimensions of the Iwasawa manifold.
(1) The D7-brane metric (relevant to "cosmic strings" in [3] ) is given by:
where τ 2 ≡Imτ , τ = a + ie −φ , a ≡ axion and φ ≡dilaton, η ≡ Dedekind eta function (see below), N ≡ the number of D7-branes, and z is the complex coordinate transverse to the D7-brane. Hence, one has one explicit example of a metric involving η, which is related to theta functions, as indicated below.
(2) The Jacobi theta function [9] function defined for two complex variables z and τ where Imτ > 0: ϑ(z : τ ) = ∞ −∞ e iπn 2 τ +2πinz . The theta function is related to the Dedekind eta function via: ϑ(0; τ ) =
The Weierstrass elliptic function [9] is a doubly periordic function with periods 2ω 1 and 2ω 2 such that ω 1 ω 2 is not real:
P satisfies the following cubic equation:
where g 2 = 60 m,n∈Z\(0,0)
. This is an equation of a torus, which could be relatad to the Riemann surface that is referred to in [6] . The torus degenerates, i.e., becomes singular along the discriminat locus given by: ∆ = g 3 2 − 27g 2 3 = 0. There is the following relation between the discriminant locus and the Dedekind eta function: ∆ = (2π) 12 η 24 . The following relations are true: P(z;
11 (z;τ )
+ e 2 (τ ), where e 2 is one of the three roots e i=1,2,3 , of the cubic equation 4t 3 − g 2 t − g 3 = 0, and P(ω 1 ) = e 1 , P(ω 2 ) = e 2 , P(−ω 1 − ω 2 ) = e 3 4 (4) Consider a holomorphic function f (z) and a, b ∈ R. Define two operators S a and T b as follows:(S a f )(z) = f (z + a), (T b f )(z) = e iπb 2 τ +2iπbz f (z + bτ ). Then S, T and a phase factor form the generators of the nilpotent Heisenberg group central to the group-theoretic way of understanding the Iwasawa manifold. If U (λ ∈ C, a, b) ∈ H ≡Heisenberg group, then U (λ, a, b)f (z) = λ(S a • T b f )(z) = λe iπb 2 τ +2iπbz f (z + bτ + a),
and U is referred to as the theta representation of the Heisenberg group [10] .
To summarize, we have obtained the relevant flow equations for uplifting half-flat manifolds to Spin(7) eight-folds by two methods -first, by considering a double G 2 (constructed from the half-flat) -fibration over an interval, and the second, by considering a fibration of the half-flat over the product of two intervals. We were able to explicitly uplift the Iwasawa at the standard complex structure limit in the moduli space of almost complex structures on the Iwasawa. We gave a plausibility argument against the same for the second method, at the "edge". We also gave motivating reasons for considering singular uplifts involving doubly periodic functions -the physical interpretation of the same is not yet clear.
